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1. Introduction.

In recent works [1,2,3] was found a wonderful correlation between integrable systems and
meromorphic functions. They reduce a problem of effictivisation of Riemann theorem about
conformal maps to calculation of a string solution of dispersionless limit of the 2D Toda
hierarchy. In [4] was found a recurrent formulas for coeffciens of Taylor series of the string
solution. This gives, in particular, a method for calculation of the univalent conformal map
from the until disk to an arbitrary domain, described by its harmonic moments.

In the present paper we investigate some properties of these formulas. In particular,
we find a sufficient condition for convergence of the Taylor series for the string solution of
dispersionless limit of 2D Toda hierarchy.

We thank A.Marshakov and A.Zabrodin for useful discussions.

2. Complex domains and 2D Toda hierarchy.

In this section we remind some results of works [1, 2, 3].
We shall consider only domains generated by closed analytical contours γ without self–

intersections on Riemann sphere C̄ = C∪∞. The analyticity of γ is means, that γ is an image
of γ0 = {w ∈ C||w| = 1} by a function and this function is analytical in a nieghborhood of
γ0. A curve γ divides C into an interior domain D+ and an external domain D−. We shall
consider, that D+ ∋ 0.

Harmonic moments of D+ are the numbers

v0 =
2

π

∫

D+

log |z|d2z, vk =
1

π

∫

D+

zkd2z .

Harmonic moments of D− are the numbers

t0 =
1

π

∫

D+

d2z, tk = −
1

πk

∫

D
−

z−kd2z .
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Let T be the set of analytic curves on C̄, parametrized by collections {ti} of its harmonic
moments. Consider on T the function

F (t) = −
1

π

∫∫

D+(t)

log

∣
∣
∣
∣

1

z
−

1

z′

∣
∣
∣
∣
d2zd2z′ .

Later we consider that F is a real analytical function from t̃ = (t0, t1, t̄1, t2, t̄2, ...) .

Consider the function

ϕ(z, t̃) = −∂t0




1

2
∂t0 +

∑

k>1

z−k

k
∂tk



F (t̃) ,

where ∂t = ∂
∂t

and z ∈ C̄. Then the function w(z) = eϕz is the one-sheeted meromorphic

function mapping from D−(t) to {w ∈ C̄ ||w| > 1}. Therefore, if we know a Taylor series
of F (t̃), we can find the functions pj(t), giving a representation of the function w(z) in the
form

w(z) =
1

r
z +

∞∑

j=0

pj(t)z
−j .

Thus, for an effectivisation of the Riemann theorem it is sufficiently to find the Taylor
series of F (t̃).

In [1 - 3] is proved that F (t̃) satisfy the differential equations:

(z − ξ)eD(z)D(ξ)F = ze−∂0D(z)F − ξe−∂0D(ξ)F , (1)

(z̄ − ξ)eD̄(z̄)D̄(ξ̄)F = z̄e−∂0D̄(z̄)F − ξ̄e−∂0D̄(ξ̄)F , (2)

1 − eD(z)D̄(ξ̄)F =
1

zξ̄
e−∂0(∂0+D(z)+D̄(ξ̄))F , (3)

where ∂k = ∂tk
, ∂̄k = ∂t̄k

and

D(z) =
∑

k>1

z−k

k
∂k, D̄(z̄) =

∑

k>1

z̄−k

k
∂̄k .

This system of the nonlinear differential equations is well known in mathematical physics
and in theory of integrable systems as dispersionless limit of the 2D Toda hierarchy [6].
The solution F (t̃) satisfies some additional equation, which appear in string theory and,
therefore, F (t̃) is called ”string solution” [7]. The string solution of dispersionless limit
of 2D Toda hierarchy is appeared also in matrix models and in some other problems of
mathematical physics. Thus a description of it has an independent interest.
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3. Taylor series for the string solution of dispersionless limit of the 2D Toda

hierarchy.

In [ 4 ] was found a representation of F in form of Taylor series

F =
∑

N(i|i1..., ik |̄i1..., īk)ti0ti1 · · · tik
t̄̄i1̄ · · · t̄̄ik̄

.

The formulas for N are found by the following scheme. At first, using some combinatorial
calculations, we transform the equation (1) to an infinite system of equations

∂i1∂i2 · · ·∂ik
F =

=

∞∑

m=1









∑

s1+···+sm=i1+···+ik

ℓ1+···+ℓm=m+k−2
sj ,ℓj>1

i1 · · · ik
s1 · · · sm

Ti1···ik

(
s1 · · · sm

ℓ1 · · · ℓm

)

∂ℓ1
0 ∂s1

F · · ·∂ℓm

0 ∂sm
F









. (4)

In passing we find some recurrent formulas for calculation of T .
Later, using the definition of F as a function on the space of analytical curves, we find,

that
∂0F |t0 = −t0 + t0 ln t0 and ∂kF |t0 = 0, if k > 0,

where here and later |t0 means the restriction of a function on a straight line t1 = t̄1 = t2 =
t̄2 = · · · = 0.

For this formula and from the equation (3) follow, that

∂i∂̄jF |t0 =

{
0, if i 6= j,

iti0, if i = j .

Later, using (4) and the symmetry of the equations (1) - (3) we find, that

∂i∂̄i1 · · · ∂̄ik
F |t0 = ∂̄i∂i1 · · ·∂ik

F |t=0 =

{

0, if i1 + · · ·+ ik 6= i,

i1 · · · ik
i!

(i−k+1)! t
i−k+1
0 , if i1 + · · · + ik = i.

This condition and the equation (4) give some recurrent formulas for coefficients N . As
the final result we get

Theorem 1. In the domain of its convergence the formal series

F = 1
2 t20 log t0 − 3

4 t20+

+
∑

k,k̄,nr,n̄r>1
0<i1<···<ik

0<ī1<···<īk̄

i−(n1+···+nk+n̄1+···+n̄k̄)+2>0

i
n1
1

...i
nk
k

n1!...nk!

ī
n̄1
1

...̄i
n̄

k̄
k̄

n̄1!...n̄k̄! N2
i

(
i1, . . . , ik
n1, . . . , nk

∣
∣
∣
∣

ī1, . . . , īk̄
n̄1, . . . , n̄k̄

)

×
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×t
i−(n1+···+nk+n̄1+···+n̄k̄)+2
0 tn1

i1
. . . tnk

ik
t̄n̄1

ī1
. . . t̄

n̄k̄

īk̄

is the string solution of dispersionless limit of 2D Toda hierarchy. In this formula the

coefficients N2 are found by follow recurrent rules.

Pi,j(s1, . . . , sm) = # {(i1, . . . , im) | i = i1 + · · · + im, 1 6 ir 6 sr − 1}, where #Q is the

cardinality of the set Q;

T 1
i,j(s1, . . . , sm) =

∑

k>1
n1+···+nk=m

nr>1

1
kn1!...nk! Pi,j




s1 + · · ·+ sn1

︸ ︷︷ ︸

n1

, . . . , sn1+···+nk−1+1 + · · · + sn1+···+nk
︸ ︷︷ ︸

nk




 ;

T 2
i1,i2

(
s1, . . . , sm

1, . . . , 1

)

= T 1
i1,i2

(s1, . . . , sm);

T 2
i1,...,ik

(
s1, . . . , sm

l1, . . . , lm

)

=

=
∑

16i6j6m
s,l>1

l T 1
s,ik

(si, . . . , sj) T 2
i1,...,ik−1

(
s1, . . . , si−1, s, sj+1, . . . , sm

l1, . . . , li−1, l, lj+1, . . . , lm

)

,

where s = si + · · · + sj − ik, l = (li − 1) + · · · + (lj − 1) ;

Sī1,...,̄ik̄

(
s1, . . . , sm

l1, . . . , lm

)

=

=
∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }={ī1,...,̄ik̄}

ī1r+···+īnr
r =sr

sr−nr−ℓr+1>0

(s1−1)!
(s1−n1−l1+1)!(l1−1)!

× · · · × (sm−1)!
(sm−nm−lm+1)!(lm−1)!

;

N1
i (i1, . . . , ik |̄i1, . . . , īk̄) = 0, if i 6= i1 + · · ·+ ik or i 6= ī1 + · · ·+ īk̄ ;

in the other cases

N1
i (i|̄i1, . . . , īk̄) = (i−1)!

(i−k̄+1)!
;

N1
i (i1, . . . , ik |̄i) = (i−1)!

(i−k+1)!
;

N1
i (i1, . . . , ik |̄i1, . . . , īk̄) =

=
∑

m>1
s1+···+sm=i1+···+ik

l1+···+lm=m+k−2
sr,lr>1

(−1)m+1 Sī1,...,̄ik̄

(
s1, . . . , sm

l1, . . . , lm

)

T 2
i1,...,ik

(
s1, . . . , sm

l1, . . . , lm

)

, if

k, k̄ > 1 ;
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N2
i

(
i1, . . . , ik
n1, . . . , nk

∣
∣
∣
∣

ī1, . . . , īk̄
n̄1, . . . , n̄k̄

)

=

= N1
i




i1, . . . , i1

︸ ︷︷ ︸

n1

, . . . , ik, . . . , ik
︸ ︷︷ ︸

nk

∣
∣
∣
∣
∣
∣
∣

ī1, . . . , ī1
︸ ︷︷ ︸

n̄1

, . . . , īk̄, . . . , īk̄
︸ ︷︷ ︸

n̄k̄




 . �

For t3 = t̄3 = t4 = t̄4 = · · · = 0 this theorem goes to the formula from [2]

F = −
3

4
t20 +

1

2
t20 ln

(
t0

1 − 4|t2|2

)

+
t0

1 − 4|t2|2
(|t1|

2 + t21t̄2 + t̄21t2) .

First two authors construct a computer program, calculating any coefficient N2
i (...). Cal-

culations by this program lead to hypothesis, that all coefficients N2
i (...) are nonnegative.

4. Some properties of the coefficients for the series F .

The combinatorial coefficients N2
i (...) have some remarkable properties. For example,

Theorem 2. N2
i

(
i1 · · · ik
n1 · · ·nk

∣
∣
∣
∣

1
n̄1

)

=

{
(i − 1)!, if k = n1 = 1, i = i1 = n̄1,

0 in the other cases.

Proof. According to our definition

S1, . . . , 1
︸ ︷︷ ︸

k̄

(
s1, . . . , sm

l1, . . . , lm

)

=

=
∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }=

={1, . . . , 1
︸ ︷︷ ︸

}

ī1r+···+īnr
r =sr

sr−nr−ℓr+1>0

(s1 − 1)!

(s1 − n1 − l1 + 1)!(l1 − 1)!
× · · ·×

× · · · ×
(sm − 1)!

(sm − nm − lm + 1)!(lm − 1)!
= δℓ1,1 . . . δℓm,1

k̄!

s1 . . . sm

.

Thus if k > 2, then

N1
i (i1, . . . , ik|1, . . . , 1) =

=
∑

m>1
s1+···+sm=i1+···+ik

l1+···+lm=m+k−2
sr,lr>1

(−1)m+1 S1,...,1

(
s1, . . . , sm

l1, . . . , lm

)

×

× T 2
i1,...,ik

(
s1, . . . , sm

l1, . . . , lm

)

= 0 .
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Let now k = 2 (i1, i2 > 1). Then

N1
i (i1, i2| 1, . . . , 1

︸ ︷︷ ︸

k̄

) =

=
∑

m>1
s1+···+sm=i1+i2

sr>1

(−1)m+1 S1, . . . , 1
︸ ︷︷ ︸

k̄

(
s1, . . . , sm

1, . . . , 1

)

×

× T 2
i1,i2

(
s1, . . . , sm

1, . . . , 1

)

=

=
∑

m>1
s1+···+sm=i1+i2

sr>1

(−1)m+1 k̄!

s1 . . . sm

T 2
i1,i2

(
s1, . . . , sm

1, . . . , 1

)

=

=
∑

m>1
s1+···+sm=i1+i2

sr>1

(−1)m+1 k̄!

s1 . . . sm

T 1
i1,i2

(s1, . . . , sm) =

=
∑

m>1
s1+···+sm=i1+i2

sr>1

(−1)m+1 k̄!

s1 . . . sm

∑

k>1
n1+···+nk=m

nr>1

1

kn1! . . . nk!
×

× Pi,j




s1 + · · · + sn1

︸ ︷︷ ︸

n1

, . . . , sn1+···+nk−1+1 + · · ·+ sn1+···+nk
︸ ︷︷ ︸

nk




 =

=
∑

m>1
s1+···+sm=i1+i2

k>1
n1+···+nk=m

(−1)m+1

kn1! . . . nk!

k̄!

s1 . . . sm

×

× Pi,j




s1 + · · · + sn1

︸ ︷︷ ︸

n1

, . . . , sn1+···+nk−1+1 + · · ·+ sn1+···+nk
︸ ︷︷ ︸

nk




 =

=
∑

k>1
s̃1+···+s̃k=i1+i2

Pi,j(s̃1, . . . , s̃k)×
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×
∑

nr>1, n1+···+nk=m
sn1+···+nr−1+1 + · · ·+ sn1+···+nr
︸ ︷︷ ︸

nr

=s̃r

(−1)m+1

kn1! . . . nk!

k̄!

s1 . . . sm

=

=
∑

k>1
s̃1+···+s̃k=i1+i2

−
k̄!

k
Pi,j(s̃1, . . . , s̃k)×

×
∏

16r6k

∑

nr>1
s1+···+snr =s̃r

(−1)nr

nr!s1 . . . snr

.

In addition if s > 1, then

∑

n>1
s1+···+sn=s

(−1)n

n!s1 . . . sn

=
1

s!

∂s

∂xs

∑

n>1

(−1)n

n!

(

x +
x2

2
+

x3

3
+ . . .

)n∣
∣
∣
∣
x=0

=

=
1

s!

∂s

∂xs

∑

n>1

(−1)n

n!
(− log(1 − x))n|x=0 =

=
1

s!

∂s

∂xs

∑

n>1

(log(1 − x))n

n!

∣
∣
∣
∣
∣
∣
x−0

=
1

s!

∂s

∂xs
(exp(log(1 − x)) − 1)|x=0 = 0.

Thus

N1
i (i1, i2| 1, . . . , 1

︸ ︷︷ ︸

k̄

) =
∑

k>1
s̃1+···+s̃k=i1+i2

−
k̄!

k
Pi,j(s̃1, . . . , s̃k)×

×
∏

16r6k

∑

nr>1
s1+···+snr=s̃r

(−1)nr

nr!s1 . . . snr

= 0 ,

because Pi,j(1, . . . , 1) = 0.

If k = 1, then from our definion it follows that

N2
i

(
i1
n1

∣
∣
∣
∣

1
n̄1

)

=

{
(i − 1)!, if n1 = 1, i = i1 = n̄1,

0 in the other cases.
. �

5. Convergence conditions for the Taylor series.

The recurrent formulas for coefficients of the Taylor series F give possibility to estimate
the coefficients and to find sufficient convergence conditions for F .
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Theorem 3. Let t̃ = (t0, t1, t̄1, t2, t̄2, ...) be such that ti, t̄i = 0 for i > n, 0 < t0 < 1 and

|ti|, |t̄i| 6 (4n32nen)−1. Then the series F (t̃) is convergence.

A proof is based on a sequential of estimations of all values, utilized in the definition of
N2. Present these estimations:

1. Let i + j = s1 + · · ·+ sm. Then Pij(s1..., sm) 6 min(Cm−1
i−1 , Cm−1

j−1 ).

Proof.

Pj,i(s1, . . . , sm) = Pi,j(s1, . . . , sm) = #{(i1, . . . , im) | i =

= i1 + · · ·+ im, 1 6 ir 6 sr − 1} 6

6 #{(i1, . . . , im)|i = i1 + · · ·+ im, 1 6 ir} = Cm−1
i−1 . �

2. Let i + j = s1 + · · ·+ sm. Then T 1
ij(s1, ..., sm) 6 ℓm−1

m! , where ℓ = min(i, j).

Proof.

T 1
j,i(s1, . . . , sm) = T 1

i,j(s1, . . . , sm) =
∑

k>1
n1+···+nk=m

nr>1

1

kn1! . . . nk!
×

× Pi,j




s1 + · · · + sn1

︸ ︷︷ ︸

n1

, . . . , sn1+···+nk−1+1 + · · ·+ sn1+···+nk
︸ ︷︷ ︸

nk




 6

6
∑

k>1
n1+···+nk=m

nr>1

Ck−1
i−1

kn1! . . . nk!
=

=
1

m!

∂m

∂xm

1

i

∑

k>1

Ck
i

∑

n1+···+nk=m

1

n1! . . . nk!
=

1

m!

∂m

∂xm

1

i

∑

k>1

Ck
i

(

x +
x2

2!
+ . . .

)k
∣
∣
∣
∣
∣
x=0

=

=
1

m!

∂m

∂xm

1

i




∑

k>1

Ck
i (ex − 1)k





∣
∣
∣
∣
∣
∣
x=0

=

=
1

m!

∂m

∂xm

1

i
((1 + (ex − 1))i − 1)

∣
∣
x=0

=
1

m!

∂m

∂xm

1

i
(eix − 1)

∣
∣
x=0

=
im−1

m!
. �

3. Let i1 + · · · + ik = s1 + · · · + sm and (ℓ1 − 1) + · · · + (ℓm − 1) = k − 2 . Then

T 2
i1...,ik

(
s1 · · · sm

ℓ1 · · · ℓm

)

6
Im−1(k−1)m(k−2)!

m! , where I = max(ir).
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Proof. We use an induction by k. If k = 2, then

T 2
i1,i2

(
s1, . . . , sm

1, . . . , 1

)

= T 1
i1,i2

(s1, . . . , sm) 6

6
Im−1

m!
=

Im−1(k − 1)m(k − 2)!

m!

∣
∣
∣
∣
k = 2

.

Let k > 2. Note at first that, if l = (li − 1) + · · ·+ (lj − 1), then

∑

16i6j6m, j−i=d

l

(k − 2)(d + 1)
=

∑

16i6j6m, j−i=d

(li − 1) + · · · + (lj − 1)

(k − 2)(d + 1)
6

6

∑

16t6m

(lt − 1)(d + 1)

(k − 2)(d + 1)
= 1.

Thus

T 2
i1,...,ik

(
s1, . . . , sm

l1, . . . , lm

)

=
∑

16i6j6m
s, l>1

l T 1
s,ik

(si, . . . , sj) ×

× T 2
i1,...,ik−1

(
s1, . . . , si−1, s, sj+1, . . . , sm

l1, . . . , li−1, l, lj+1, . . . , lm

)

6

6
∑

16i6j6m

l
Ij−i

(j − i + 1)!

Im−(j−i+1)+1−1(k − 2)m−(j−i+1)+1(k − 3)!

(m − (j − i + 1) + 1)!
=

= Im−1(k − 3)!
∑

16i6j6m

l
(k − 2)m−(j−i)

(j − i + 1)!(m− (j − i))!
=

=
Im−1(k − 2)!

m!

∑

16i6j6m, d=j−i

l

(k − 2)(d + 1)

m!

d!(m − d)!
(k − 2)m−d =

=
Im−1(k − 2)!

m!

m−1∑

d=0

m!

d!(m − d)!
(k − 2)m−d




∑

16i6j6m, j−i=d

l

(k − 2)(d + 1)



 6

6
Im−1(k − 2)!

m!

m−1∑

d=0

m!

d!(m − d)!
(k − 2)m−d

6
Im−1(k − 2)!

m!

m∑

t=0,t=m−d

Ct
m(k − 2)t =

=
Im−1(k − 2)!

m!
((k − 2) + 1)m =

Im−1(k − 1)m(k − 2)!

m!
. �
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4. Let Ī = maxr (̄ir) and

S̃ī1,...,̄ik̄
(m, k) =

∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }=

={ī1,...,̄ik̄}
(l1−1)+···+(lm−1)=k−2

nr, lr>1
sr=ī1r+···+īnr

r

sr−nr−ℓr+1>0

(s1 − 1)!

(s1 − n1 − l1 + 1)!(l1 − 1)!
× · · ·×

×
(sm − 1)!

(sm − nm − lm + 1)!(lm − 1)!
.

Then S̃ī1,...,̄ik̄
(m, k) 6 m(k̄ − 1)!Ck−2

Īk̄−k̄
C k̄−m

Īk̄
.

Proof. We use the equality

∑

ñ1+···+ñm=k̄−m

Cñ1

Īñ1+Ī
× · · · × Cñm

Īñm+Ī

Ī

Īñ1 + Ī
× · · · ×

Ī

Īñm + Ī
=

= C k̄−m

Ī(k̄−m)+mĪ

mĪ

Ī(k̄ − m) + mĪ

that follows from [8,5.63]. Then

S̃ī1,...,̄ik̄
(m, k) =

=
∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }=

={ī1,...,̄ik̄}
(l1−1)+···+(lm−1)=k−2

nr, lr>1
sr=ī1r+···+īnr

r

sr−nr−ℓr+1>0

(s1 − 1)!

(s1 − n1 − l1 + 1)!(l1 − 1)!
× · · ·×

×
(sm − 1)!

(sm − nm − lm + 1)!(lm − 1)!
=

=
∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }=

={ī1,...,̄ik̄}

sr=ī1r+···+īnr
r >nr>1

(s1 − 1)!

(s1 − n1)!
× · · · ×

(sm − 1)!

(sm − nm)!
×

×
∑

(l1−1)+···+(lm−1)=k−2
sr−nr−ℓr+1>0

(s1 − n1)!

(s1 − n1 − l1 + 1)!(l1 − 1)!
× · · ·×

×
(sm − nm)!

(sm − nm − lm + 1)!(lm − 1)!
=
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=
∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }=

={ī1,...,̄ik̄}

sr=ī1r+···+īnr
r >nr>1

(s1 − 1)!

(s1 − n1)!
× · · ·×

×
(sm − 1)!

(sm − nm)!

∑

l̃1+···+l̃m=k−2

C l̃1
s1−n1

. . . C l̃m
sm−nm

=

=
∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }=

={ī1,...,̄ik̄}

sr=ī1r+···+īnr
r >nr>1

(s1 − 1)!

(s1 − n1)!
× · · ·×

×
(sm − 1)!

(sm − nm)!
Ck−2

(s1+···+sm)−(n1+···+nm) =

= Ck−2
ī1+···+īk̄−k̄

∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }=

={ī1,...,̄ik̄}

sr=ī1r+···+īnr
r >nr>1

(s1 − 1)!

(s1 − n1)!
× · · · ×

(sm − 1)!

(sm − nm)!
6

6 S̃
Ī , . . . , Ī
︸ ︷︷ ︸

k̄

(m, k) = Ck−2
Īk̄−k̄

∑

{ī11,...,̄i
n1
1

}⊔···⊔

⊔{ī1m,...,̄inm
m }=

={Ī,...,Ī}, nr>1

sr=ī1r+···+īnr
r =Inr

(s1 − 1)!

(s1 − n1)!
× · · · ×

(sm − 1)!

(sm − nm)!
=

= Ck−2
Īk̄−k̄

∑

n1+···+nm=k̄
nr>1

k̄!

n1! . . . nm!

(Īn1 − 1)!

(Īn1 − n1)!
× · · · ×

(Īnm − 1)!

(Īnm − nm)!
=

= k̄!Ck−2
Īk̄−k̄

∑

ñ1+···+ñm=k̄−m
ñr=nr−1>0

(Īñ1 + Ī − 1)!

(ñ1 + 1)!(Īñ1 + Ī − ñ1 − 1)!
× · · ·×

×
(Īñm + Ī − 1)!

(ñm + 1)!(Īñm + Ī − ñm − 1)!
=

= k̄!Ck−2
Īk̄−k̄

∑

ñ1+···+ñm=k̄−m

Ī ñ1 + Ī − ñ1

(Īñ1 + Ī)(ñ1 + 1)

(Ī ñ1 + Ī)!

ñ1!(Īñ1 + Ī − ñ1)!
× · · ·×

×
Īñm + Ī − ñm

(Ī ñm + Ī)(ñm + 1)

(Īñm + Ī)!

ñm!(Īñm + Ī − ñm)!
6

6 k̄!Ck−2
Īk̄−k̄

∑

ñ1+···+ñm=k̄−m

Ī

Ī ñ1 + Ī
Cñ1

Īñ1+Ī
× · · · ×

Ī

Ī ñm + Ī
Cñm

Īñm+Ī
=
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= k̄!Ck−2
Īk̄−k̄

C k̄−m

Ī(k̄−m)+mĪ

mĪ

Ī(k̄ − m) + mĪ
6 m(k̄ − 1)!Ck−2

Īk̄−k̄
C k̄−m

Īk̄
. �

5. N1
i (i1..., ik |̄i1..., īk̄) 6 (k − 1)!(k̄ − 1)!eI(k−1)2Īk̄−k̄2Īk̄.

Proof.

N1
i (i1, . . . , ik |̄i1, . . . , īk̄) =

=
∑

m>1
s1+···+sm=i1+···+ik

l1+···+lm=m+k−2
sr,lr>1

(−1)m+1 Sī1,...,̄ik̄

(
s1, . . . , sm

l1, . . . , lm

)

×

× T 2
i1,...,ik

(
s1, . . . , sm

l1, . . . , lm

)

6

6
∑

m>1
s1+···+sm=i1+···+ik

l1+···+lm=m+k−2
sr,lr>1

Im−1(k − 1)m(k − 2)!

m!
×

×
∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }=

={ī1,...,̄ik̄}

ī1r+···+īnr
r =sr

sr−nr−ℓr+1>0

(s1 − 1)!

(s1 − n1 − l1 + 1)!(l1 − 1)!
× · · ·×

×
(sm − 1)!

(sm − nm − lm + 1)!(lm − 1)!
=

=
∑

m>1

Im−1(k − 1)m−1(k − 2)!

m!
×

×
∑

{ī11,...,̄i
n1
1

}⊔···⊔{ī1m,...,̄inm
m }=

={ī1,...,̄ik̄}
(l1−1)+···+(lm−1)=k−2

nr, lr>1
sr=ī1r+···+īnr

r

sr−nr−ℓr+1>0

(s1 − 1)!

(s1 − n1 − l1 + 1)!(l1 − 1)!
× · · ·×

×
(sm − 1)!

(sm − nm − lm + 1)!(lm − 1)!
=

=
∑

m>1

Im−1(k − 1)m−1(k − 2)!

m!
S̃ī1,...,̄ik̄

(m, k) 6
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6
∑

m>1

Im−1(k − 1)m(k − 2)!

m!
S̃ī1,...,̄ik̄

(m, k) 6

6
∑

m>1

Im−1(k − 1)m(k − 2)!

m!
m(k̄ − 1)!Ck−2

Īk̄−k̄
C k̄−m

Īk̄
=

= (k − 1)!(k̄ − 1)!
∑

m>1

Im−1(k − 1)m−1

(m − 1)!
Ck−2

Īk̄−k̄
C k̄−m

Īk̄
6

6 (k − 1)!(k̄ − 1)!eI(k−1)2Īk̄−k̄2Īk̄ . �

Proof of theorem 3. The coefficient for t...0 tn1

i1
. . . tnI

iI
t̄n̄1

ī1
. . . t̄

n̄Ī

īĪ

is equal

in1

1 . . . inI

I

n1! . . . nI !

īn̄1

1 . . . ī
n̄Ī

Ī

n̄1! . . . n̄Ī !
N2

i

(
i1, . . . , iI
n1, . . . , nI

∣
∣
∣
∣

ī1, . . . , īĪ
n̄1, . . . , n̄Ī

)

=

=
in1

1 . . . inI

I

n1! . . . nI !

īn̄1

1 . . . ī
n̄Ī

Ī

n̄1! . . . n̄Ī !
N1

i




i1, . . . , i1

︸ ︷︷ ︸

n1

, . . . , iI , . . . , iI
︸ ︷︷ ︸

nI

∣
∣
∣
∣
∣
∣
∣

ī1, . . . , ī1
︸ ︷︷ ︸

n̄1

, . . . , īk̄, . . . , īĪ
︸ ︷︷ ︸

n̄Ī




 6

6
in1

1 . . . inI

I

n1! . . . nI !

īn̄1

1 . . . ī
n̄Ī

Ī

n̄1! . . . n̄Ī !
k!k̄!eĨ(k−1)22Ĩk̄ 6 ĨKeĨK2ĨK k!k̄!

n1! . . . nI !n̄1! . . . n̄Ī !
6

6 ĨKeĨK2ĨK ĨK 6 (Ĩ22ĨeĨ)K ,

where k = n1 + · · · + nI , k̄ = n̄1 + · · ·+ n̄I , K = k + k̄ and Ĩ = max(I, Ī).
Consider now monomials from t0, t1, t̄1, . . . , tn, t̄n of degree K. The number of such mono-

mial is (2n)K. Thus its sum in the series is not more that

(n22nen)K(2n)K(4n32nen)−K 6 2−K .

This implies the convergence of the series F (t̃). �
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